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An inequality on global alliances for trees
Alexandria Yu
Abstract: In this paper, we prove an inequality on the cardinalities of the
minimum size global defensive alliance and the minimum size global offensive
alliance. A global defensive alliance is a dominating set such that when any
point inside a selected group S is chosen, at least half of the points in its
neighborhood are also in the set S, including the selected point. A global
offensive alliance is a dominating set such that if any point outside S is selected,
at least half of the points in its neighborhood, including the selected point,
are in set S. Our result answers an open question in [HA].
1 Introduction
The concept of alliances can be used to show the agreements between groups,
to predict how successful a new social networking site will be, and to illustrate
the balance of power between different countries. [EN] Alliances can also be
used in determining business strategies among other things. [EN] The idea
of alliances was first introduced by Hedetniem-Hedetniem-Kristiansen [HE]
who introduced the concepts of global defensive and global offensive alliances.
These sorts of alliances can be used to model classifications and online data
flow. [EN] Haynes-Hedetniem-Henning furthered this through studies of bipar-
tite graphs and trees, contributing the discovery of their lower bounds [HHH].
In his paper on bounds of global alliances of trees [HA], Harutyunyan proves
that |γo(T )− γa(T )| ≤
n
2
is true for all trees and proposed the following ques-
tion: Is it true that for any n-vertex tree T, γo(T ) ≤ γa(T ) +
n
6
?
In this paper, we answer this question positively. Furthermore, we obtain
an improved inequality, which is optimal.
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2 Main result
In this section, we state and prove the main theorem of this paper.
Let G = (V,E) be a graph, where V is the set of all vertices of G and E is
the set of all edges of G.
Definition 2.1. (1) For any subset S of V , we define its boundary ∂S to be
the set of all vertices in V − S which are adjacent to at least one vertex in
S. (2) For any v ∈ V , we define N [v] to be the neighborhood of v, so that
N [v] = v ∪ ∂{v}
Definition 2.2. A dominating set is a set of points where for a subset S of
V , S ∪ ∂S = V .
Definition 2.3. A set S ⊂ V is called a defensive alliance if for every v ∈ S,
|N [v]∩S| ≥ |N [v]∩(V −S)|. A defensive alliance S is called a global defensive
alliance if S is also a dominating set.
Definition 2.4. A set S ⊂ V is called an offensive alliance if for every v ∈ ∂S,
|N [v] ∩ S| ≥ |N [v] − S|. An offensive alliance S is called a global offensive
alliance if S is also a dominating set.
Definition 2.5. The global defensive (offensive) alliance number of graph G
is the cardinality of a minimum size global defensive (offensive) alliance in G,
and is denoted γa(G) (γo(G)). A minimum size global defensive (offensive)
alliance is called a γa(G)-set (γo(G)-set).
Conjecture 2.6. As stated in [HA], if T is a tree with n vertices, then we
have
γa(T ) +
n
6
≥ γo(T )
.
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Figure 1: Example tree arranged in a bipartite graph.
Theorem 2.7. If T is a tree with n vertices, then we have
γa(T ) +
n
6
≥ γo(T ).
Proof. Step 1, In this step, we prove that γo(T ) ≤
n
2
. Given a tree T , the tree
can be rearranged to form a bipartite graph. Select the side of the bipartite
graph with the least number of vertices and call it S. This set S is a global
offensive alliance. This is because: (1). It is dominating: As the tree forms a
bipartite graph, and is a tree, every non-selected vertex must be adjacent to
a vertex in S. (2). It is offensive: As T is bipartite, every point outside S will
have exactly one neighbor also outside S (as it counts itself as one neighbor)
while, since T is a tree, the vertex will be connected to at least one vertex in
S. As S is the side of the bipartite graph with the least number of points, S
has at most n
2
points, where n is the number of vertices in the tree. Therefore,
|S| is less than or equal to n
2
. That is, γo(T ) ≤
n
2
Step 2, In this step, we will divide the situation into two cases to prove our
final statement.
Case 1,
We will use a minimum size global defensive alliance to build an global
offensive alliance by adding at most n
6
points to set S of the offensive alliance.
γa(T ) = k ≤
n
3
+
1
2
.
Given a tree T , Let k = |S| and let ES be the set of edges whose vertices lie in
S. Let Y = V − S. Let EY be the set of edges contained in Y . let EB denote
the set of all edges who has one vertex in S and another vertex in Y . For any
x ∈ ES, by the defensive alliance condition, (the number of edges in ES with
3
x as one of its endpoints) + 1 ≥ the number of edges not in ES with x as one
of its endpoints. Now summing over the vertices in S, we obtain
2|ES|+ k ≥ |EB|
because each e ∈ ES is counted twice– once for each of its vertices. As the
tree is dominating, every vertex in Y is connected to at least one other vertex
in S. There are n − k vertices in Y , so there are at least n − k edges in EB.
It follows that
|EB| ≥ n− k, so|ES| ≥
n
2
− k.
Observe that the total number of edges in T is n − 1. As a consequence, we
obtain
|EY | = n−1−|ES|−|EB| ≤ (n−1)− (
n
2
−k)− (n−k) = 2k−
n
2
−1 (∗).
In order to build S into a global offensive alliance, it suffices to break all
of the edges contained in Y by moving one vertex in every edge to S. Call the
new set created by breaking the edges S ′ and call its complement Y ′. Since
there are no edges remaining in Y ′, all vertices located in Y ′ will satisfy the
condition for making S ′ a global offensive alliance. By the above inequality
(∗), we must add at most |EY | ≤ 2k−
n
2
−1 number of vertices into S in order
to construct the global offensive alliance.
Since EY ≤ 2k −
n
2
− 1 ≤ n
6
, as k ≤ n
3
+ 1
2
, the number of vertices we need
to add to S to get a global offensive alliance is less than or equal to n
6
.
Case 2,
k >
n
3
+
1
2
.
We have
γa(T ) = k >
n
3
+
1
2
.
It follows that
γa(T ) +
n
6
>
n
2
+
1
2
.
Recall that in Step 1, we proved that
γo(T ) ≤
n
2
.
4
As a consequence, we have
γa(T ) +
n
6
> γo(T ) +
1
2
.
And in both cases it is true that
γo(T ) ≤ γa(T ) +
n
6
.
Next, we can improve this inequality by adding the constant C to the right
side.
Theorem 2.8. If T is a tree with n vertices, then we have
γa(T ) +
n
6
≥ γo(T ) +
1
3
.
Now, we can divide the situation into two cases: Case 1: If k ≤ n
3
+ C,
then
EY ≤ 2k −
n
2
− 1 ≤
n
6
+ 2C − 1.
Hence
γa(T ) +
n
6
+ 2C − 1 ≥ γo(T ).
It follows that
γa(T ) +
n
6
≥ γo(T ) + 1− 2C.
Case 2: If k > n
3
+ C, then
γa(T ) = k >
n
3
+ C.
It follows that
γa(T ) +
n
6
>
n
2
+ C.
This implies that
γa(T ) +
n
6
> γo(T ) + C.
We need to choose a value of C that maximizes the minimum between C
and 1− 2C. As a result, two equations are produced:


y=1-2C
y=C
5
cy
y = c
y = 1− 2c
Figure 2: Graphed equations.
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Figure 3: Sharp-defensive.
The intersection point is the point where this constant is optimal, thus by
solving the equations, 1
3
is the optimal value for C.
When C = 1
3
, we obtain
γa(T ) +
n
6
≥ γo(T ) +
1
3
.
Thus concludes the proof.
Note that our improvement on the inequality conjectured by Harutyunyan
is sharp. For example, Figure 3 shows a global defensive alliance that satisfies
the equation
γa(T ) +
n
6
= γo(T ) +
1
3
6
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Figure 4: Sharp-offensive
where the filled in vertices form the global defensive alliance and we add the
vertex 3 to make a global offensive alliance, as shown in Figure 4.
Thus, γa(T ) = 3 γo(T ) = 4, and
n
6
= 8
6
= 4
3
. γo(T ) +
n
6
= 3 + 4
3
= 4 + 1
3
=
γa(T ) +
1
3
, which satisfies our equation.
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